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SOME ALMOST CONNECTED

LOCALLY COMPACT GROUPS

WHOSE GROUP TOPOLOGY IS
DETERMINED BY THE BOUNDED STRUCTURE

A. 1. SHTERN

ABSTRACT. It is proved that the topology of an almost connected locally
compact group whose quotient group by the identity component is finitely
generated and the identity component is a perfect connected locally compact
group is determined by the bounded structure in the class of locally compact

group topologies.

§ 1. INTRODUCTION

Continuing our investigations concerning groups whose topology is unique
in some class [1-3], we discuss here conditions under which the topology of
an almost connected locally compact group is determined by the bounded
structure in the class of locally compact group topologies. There are impor-
tant classes of almost connected locally compact groups whose topology is
not unique in the class under consideration [4, 5], and therefore the problem
is of interest.
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§ 2. PRELIMINARIES
Recall two important facts.

Lemma 1 ([2], Corollary). If a locally compact group G is connected and
perfect and if © is a locally bounded and finally continuous homomorphism
of G into a connected locally compact group H, then 7 is continuous.

Lemma 2 ([6], see also [7]). If H is a subgroup of finite index in a finitely
generated profinite group G, then H is necessarily an open subgroup of G.

In particular, this means that the family of open subgroups of G coincides
with the family of subgroups of finite index.

Lemma 3. Let G be a finitely generated profinite group G. The group topol-
ogy of G is defined uniquely.

Proof. If 7; and 75 are profinite group topologies on GG, then every subgroup
of finite index is closed with respect to both 77 and 75. Hence, by Lemma 2,
the family of subgroups of finite index forms a base of open neighborhoods
of the identity element in both the topologies. Therefore, the topologies
coincide.

8 3. MAIN THEOREM

Theorem. Let G be an almost connected locally compact group whose totally
disconnected quotient group by the identity component Gy of G is finitely gen-
erated and the identity component G is a perfect connected locally compact
group. Then every locally bounded (not necessarily continuous a priori) iso-
morphism G onto itself is automatically continuous.

Proof. Let the assumptions of the theorem be satisfied for some almost con-
nected locally compact group G. Every closed subgroup of finite index obvi-
ously contains the identity component Gy of G, and the intersection of these
subgroups coincides with the identity component Gy. Hence, by Lemma 3,
the topology of the compact totally disconnected quotient group G/G is de-
fined uniquely, and the identity component GGy does not depend on the choice
of a group topology satisfying the conditions of the theorem. Therefore, if 7
is a locally bounded isomorphism of G onto itself, then Gg is subjected to a
locally bounded isomorphism onto itself. By the assumption of the theorem
and by Lemma 1, the restriction of the isomorphism to G is continuous, and
thus a homeomorphism of Gy onto itself.



Some almost connected locally compact groups

Assume that G is a Lie group with finite quotient group G/Gg. Let {ga},
a € A, be a net in G convergent to go € G. Then p(g,) converges to p(go)
in G/Gy, where p stands for the canonical quotient mapping p: G — G/Gj.
By the corresponding Lee theorem (Theorem 2.12 of [8]), every Lie group
with finite quotient group admits a finite group D for which G = GoD. Let
Ja = 90,adq for some gg o in Gp and d, in D. Since D is compact, we may
choose a convergent subnet of d,, which we denote by the same symbol.
Then {g.} converges to gy in G and {d,} converges to some dy in D, and
hence gg . converges to some ggp in G. However, Gy is closed, go.o € Go,
and therefore ggg € G and gy = goodp. Since D U Gy is finite, it follows that
the convergence in D is completely characterized by the convergence in the
quotient group G/Gy, and thus the assertion of the theorem holds for all Lie
groups with finite quotient groups by the perfect identity components.

Let us return to the general case. The compact subgroups of Gy are
defined uniquely by the bounded structure. Consider the family of compact
normal subgroups N of Gy for which the quotient Go/N is a Lie group.
Since G/Gy is compact, it follows that the subgroups N may be assumed to
be invariant with respect to the inner automorphisms of G. The connected
components of the identity elements {G/N }¢ of the quotient groups G/N are
Lie groups, and therefore, by another Lee’s theorem (Theorem 2.13 of [8]),
the group G/N can be represented as the product {G/N }oD for some totally
disconnected group D. The intersection DN{G/N } is a totally disconnected
subgroup of the Lie group {G/N }oD. Hence, this group is finite. Since the
topology of the totally disconnected compact quotient group D/{G/N}oND
is unique by Lemma 3 and the topology of {G/N}, is determined by the
bounded structure, it follows that the “abstract” isomorphism 7 of G onto
itself is automatically continuous.

Remark 1. Tt follows immediately from the proof of the theorem that, for
every group G satisfying the conditions of the theorem, an “abstract” iso-
morphism of G onto itself is continuous if the restriction of the isomorphism
to the connected component of G is locally bounded.

Corollary. The topology of an almost connected locally compact group G
whose quotient group by the identity component is finitely generated and the
tdentity component is a perfect connected locally compact group is determined
wmn the class of locally compact group topologies by the structure of bounded
sets of the connected component of G.

Proof. This follows immediately from the theorem.
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§ 4. COMMENT

Remark 2. The conditions of the theorem are substantial.

Proof. The condition that the compact quotient group is finitely generated is
substantial because, if it is violated, then the topology of the quotient group
can be not unique (Lemma 2.3 of [4]; see also [9]). The condition that Gy is
perfect is substantial by the corollary in [2].
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